ABSTRACT | Multicarrier modulation possesses several properties which make it an attractive approach for high speed copper wire communications networks. Among these properties are the ability to e ciently access and distribute multiplexed data streams, and a reduced susceptibility to impulsive, as well as to narrowband channel disturbances. In digital implementations of multicarrier modulation, subcarrier generation and data modulation are accomplished digitally using orthogonal transformations of data blocks. These implementations are particularly e cient with regard to bandwidth utilization and transceiver complexity. In this paper, we present a form of digital multicarrier modulation which we refer to as overlapped discrete multitone, or discrete wavelet multitone (DWMT), modulation. For DWMT modulation, which is based on the application of M-band wavelet lters, the pulses for di erent data blocks overlap in time, and are designed to achieve a combination of subchannel spectral containment and bandwidth e ciency that is fundamentally better than with other forms of multicarrier modulation. We show that, as a result of the spectral containment feature, DWMT gives a high level of robustness with regard to noise environments and channel variations that are encountered in practice.
I. INTRODUCTION
In multicarrier modulation, a transmission channel is partitioned into a multitude of subchannels, each with its own associated carrier. In contemporary implementations of multicarrier modulation (known as discrete multitone (DMT) transmission, or orthogonal frequency division multiplexing (OFDM)), generation and modulation of the several subchannels is accomplished digitally, using an orthogonal transformation on each of a sequence of blocks of the data stream. The receiver performs the inverse transformation on segments of the sampled waveform to demodulate the data. The subchannels overlap spectrally; however, as a consequence of the orthogonality of the transformation, if the distortion in the channel is su ciently mild (relative to the bandwidth of a subchannel), the data in a subchannel can be demodulated with a negligibly small amount of interference from the other subchannels. Thus DMT transmission obtains e cient utilization of the transmission band, and modulation and coding techniques can be employed independently in the subchannels to approach the capacity stated in the water-pouring theorem 1]. Discrete multitone transmission has most recently found application as the signaling standard for asymmetric digital subscriber lines (ADSL) 2].
Multicarrier modulation can be interpreted as a transmultiplexer that takes timedivision multiplexed (TDM) data and transforms it to frequency-division multiplexed (FDM) data. With this view, multicarrier modulation provides an e cient means to access multiple multiplexed data streams. This is potentially very attractive for high speed, broadband networks, which often multiplex multiple data sources during transmission. Multicarrier modulation technology also provides -as a consequence of its longer symbol times -superior immunity to impulse noise when compared with single carrier systems. Finally, multicarrier modulation provides an e ective means for combating narrowband interference. A subchannel which is a ected by the narrowband interference can be identi ed easily. The data rate in the subchannel can be reduced appropriately, or its used can be inhibited.
In an early paper on DMT transmission, Weinstein and Ebert 3] proposed that the discrete Fourier transform (DFT) be used to implement multicarrier modulation. The DFT exhibits the desired orthogonality; in addition, it can be implemented with a fast DFT algorithm, and techniques for DFT-based DMT transmission (which, in what follows, is referred to simply as DMT transmission) have been the subject of several recent publications, e.g., ( 4]-5]). To maintain the orthogonality of the transform (and thus, the Nyquist properties of 1 the set of subchannel waveforms), DMT schemes employ rectangular pulses for data modulation. Consequently, a given subchannel has signi cant spectral overlap with a large number of its neighboring subchannels, and subchannel isolation is retained only for channels which have virtually no distortion. To compensate for this high degree of spectral overlap, a technique in which a \cyclic pre x" is inserted at the beginning of each transmission segment was proposed in 3] . With the inclusion of the cyclic pre x, the following rule holds: if the channel impulse response is shorter than the length of the cyclic pre x (or if the receiver is able to equalize the channel in such a way that the impulse response is shortened to have length not exceeding the length of the cyclic pre x) subchannel isolation is achieved. Algorithms for DMT systems have been developed that adapt the taps of a receiver pre-detection equalization lter to shorten the channel impulse response 6]. In practice, the tap settings for equalization lters deviate from their ideal settings as a result of, for example, slow time-variation in the channel, quantization e ects, and misadjustment resulting from nite training time. It is shown in the present paper that the performance of a DMT system can be degraded severely by intersymbol-interference (ISI) when the taps of the channel-shortening equalization lter deviate by even a small amount from their ideal settings.
The primary purpose of this paper is to introduce an alternative form of multicarrier transmission, referred to as overlapped discrete multitone or discrete wavelet multitone (DWMT) transmission 7, 8, 9] . A DWMT system incorporates careful pulse design to achieve a high level of subchannel spectral containment, without sacri cing the Nyquist properties of the set of subchannel waveforms. It is shown that a DWMT system is robust in environments with real-world noise impairments and practical receiver structure limitations. To be speci c, DWMT does not su er signi cant performance degradations due to non-ideal tap settings in pre-detection equalizers | in fact, satisfactory performance can be obtained without pre-detection equalization, or a cyclic pre x. Although post-detection processing is in general more complex for DWMT than for DMT transmission, we show that the susceptibility of the two systems to noise in the post-detection equalizer tap settings is comparable and does not cause severe performance degradation. In addition, DWMT is better able than DMT to ameliorate the e ects of narrowband interference. The inherent robustness DWMT possesses with regard to ISI and narrowband channel noise is attributed directly to the spectral containment properties of DWMT subchannels.
The remainder of the paper is organized as follows. The subchannel generation and data modulation technique used for DWMT transmission is similar to the one used for DMT transmission. These are developed in parallel for DWMT and DMT transmission in Section II-A, and the di erences between the two schemes are indicated. The signal and noise sequences which are present in the various stages of receiver processing are developed in Section II-B. This development is used to show the manner in which ISI arises for the two systems, and methods for combating ISI are discussed there. In Section III-A, weights are derived for optimal post-detection combining of the matched lter outputs, and the performance of this set of weights is derived for general channel and noise models. The e ect of imperfect settings for post-detection combiner tap weights is analyzed in Section III-B.
In Section IV, we apply the analyses of Section III to assess the performance of DMT and DWMT systems for several high speed copper wire network applications. These results show the superior robustness of DWMT transmission relative to DMT transmission. Conclusions are drawn in Section V.
II. DMT AND DWMT SYSTEMS Figure 1 shows a block-level diagram for a DWMT transeiver. The transmitter, depicted in the top part of the gure, accepts data in serial, time-division multiplexed (TDM) form, and coverts it into several lower rate sequences of channel symbols, which appear at the constellation encoder outputs. The several sequences of channel symbols are frequencydivision multiplexed (FDM) to form a single signal sequence for transmission, which passes to a D/A converter, then onto the communications channel. The FDM function incorporates multicarrier modulation, implemented with an inverse fast wavelet transform (IFWT). At the DWMT receiver, shown in the bottom part of Fig. 1 , multicarrier demodulation is with the forward fast wavelet transform (FWT). Each of the several sequences of detector (demodulator) outputs undergoes equalization before decisions are made for the channel symbols. The decoded data sequences are then converted back to a single TDM stream. For DMT systems, the modulator and demodulator implementations are with an inverse and forward DFT, rather than with an inverse and forward wavelet transform. Systems which employ pre-detection equalization at the receiver incorporate it between the A/D converter and the demodulation function of Fig. 1 . In what follows, we discuss several of the functions of a multicarrier transeiver in more detail, highlighting the di erences between DWMT and DMT implementations.
A. Data Modulation
For either DWMT or DMT transmission, the output of the serial-to-parallel converter/constellation encoder combination is e ectively in blocks, with each block comprising M symbols. Time is partitioned into contiguous, nonoverlapping, equal length intervals, referred to as frames, and, for each integer i, transmission for symbol block i is initiated at the beginning of time frame i. The M symbols in a block are transmitted simultaneously, with each symbol assigned to a di erent one of M subchannels; each subchannel employs pulse amplitude modulation (PAM) with a bandpass pulse. The symbol alphabet size for a given subchannel is equal to the maximum the subchannel can support (with an acceptable symbol error rate), based on channel measurements made during an initialization or training period. In what follows, s m i represents the symbol in symbol block i that is transmitted on subchannel m, and f m l represents the impulse response (the bandpass pulse) for subchannel m. As illustrated conceptually in Fig. 2a , modulation in a subchannel is performed digitally, and the resulting subchannel signals are added together to produce a single sequence x l for transmission. 1 This sequence is used to excite, at the rate f s samples per second, the composite channel which consists of the transmitter D/A system, the copper twisted pair channel, and the receiver front end. As depicted in Fig. 2a , during each frame, each subchannel modulator accepts a new symbol, and produces a length-N segment of the subchannel waveform. The M subchannel waveform segments are added to produce the length-N segment of x l that is transmitted during the frame. The frame duration is N=f s . For DWMT transmission, N = M. For DMT transmission, N = M + , where is the length of the cyclic pre x, as discussed below. Note that
Subchannel m is centered at the normalized 2 radian frequency ! m ; and the associated bandpass pulse is f m l = p l cos (! m l + m ) :
The baseband pulse p l is common to all subchannels, and it has nonzero samples for 
for some > 0, where l is the Kronecker delta function. The pulses p l for DWMT transmission loosely resemble in shape a DFT time-weighting function, such as a Hamming window. However, a pulse, such as a Hamming window, which is designed to achieve a high level of spectral containment, without regard for (3), does not yield a Nyquist set of subchannel pulses, and signi cant irreducible ISI would result. 
For DWMT systems, the M frequencies are distinct and equally spaced. For DMT systems, the tones are in quadrature pairs (except for the two tones at the ends of the transmission band 4 ), and M=2+1 distinct, equally spaced frequencies are used. The M ?2 midband PAM subchannels for DMT systems could also be grouped into pairs to be used as M=2 ? 1 twodimensional subchannels. If a cyclic pre x is not employed, these subchannel pairs have an equivalent interpretation as M=2?1 conventional quadrature amplitude modulation (QAM) subchannels, in which pulse amplitude modulation is performed at baseband, prior to inphase and quadrature modulation (up-conversion) with a subcarrier pair. 5 For either type of transmission, the multichannel modulation function illustrated conceptually in Fig. 2a , is actually performed in a computationally e cient manner, using FFT or DCT algorithms. The group of prepended elements is referred to as a cyclic pre x. For xed symbol alphabet sizes, the inclusion of a cyclic pre x reduces the information rate by the fraction =(M + ). However, the cyclic pre x is used in conjunction with an equalization lter at the receiver to suppress ISI, as described in Subsection B. Thus, inclusion of the cyclic pre x allows larger alphabet sizes to be used on the subchannels, and the information rate usually is larger than if no cyclic pre x is employed. For a DMT system which employs a cyclic pre x with length , the phases m in (2) 
Note from (4) and (5) that for 2 m M ? 1; each subchannel m is paired with another subchannel which shares the same center frequency ! m , and which di ers in phase by =2. This pair of subchannels forms an in-phase (I) and quadrature (Q) pair. For DWMT systems, the multichannel modulation function of Fig. 2a is performed in an e cient manner using an inverse M-band fast wavelet transform (IFWT). Despite the fact that a cyclic pre x is not employed for DWMT systems, it will be seen that a DWMT system is more robust than a DMT system, with regard to ISI. This robustness is attributed to the high degree of spectral containment that is possible with DWMT subchannels.
To illustrate the superior subchannel containment for DWMT, Figs. 3a and 3b show the magnitudes jF m (e j! )j of frequency responses for six spectrally contiguous f m l , for a DMT, and a DWMT system, respectively. The spectral shapes for the pulses used in other subchannels are frequency shifted versions of the basic spectral shapes in Fig. 3 . There are only three discernible magnitude-responses for the six bandpass pulses in Fig. 3a , because for DMT transmission, the tones are in quadrature pairs. The total number of subchannels is M = 64 for both systems; the cyclic pre x length is = 0 for DMT transmission, and a particular cosine-modulated lter bank with g = 8 is considered for DWMT transmission (i.e., 8 blocks of symbols are used to compute each frame-length segment of the transmission sequence for the DWMT system). Note that the rst side lobe for a DMT subchannel is 13 dB down from the main lobe, whereas the rst side lobe for a DWMT subchannel is 45 dB down. In general, with DWMT, higher spectral concentration is obtained for larger g.
B. Detection, Channel Equalization, and Intersymbol Interference
As the sequence x l excites the composite channel, the receiver samples the resulting waveform (at the rate f s ), to produce the sequence r l = (c x) l + n l ; (6) where (c x) l = P j c l?j x j represents the convolution of the transmitted sequence x l with the composite channel impulse response c l , and n l is a sequence of noise samples. The noise sequence n l is modeled as a stationary zero-mean colored noise sequence, which is independent of the symbol sequence s m i . The noise has an autocorrelation function denoted by l ( l = E n i n i+l ]), and associated power spectral density (e j! ) ( (e j! ) = P l l e ?j!l ). As shown in Fig. 2b , the receiver may attempt to remove the distortion introduced by the channel by passing the sampled waveform through an equalization lter Q(z). We let y l = (q r) l denote the sequence at the output of Q(z), and let h l = (q c) l represent the impulse response for the equalized channel. Processing with Q(z) is referred to as pre-detection equalization to distinguish it from additional processing which is employed subsequent to matched lter detection, for further suppression of ISI. Without pre-detection equalization, DMT systems generally degrade severely, even for twisted-pair channels with moderate distortion. For DWMT systems, pre-detection equalization is not essential, but the complexity of the post-detection equalization schemes is generally greater for DWMT than for DMT systems. f m l ; other l:
Note that for DMT transmission, f m l is obtained from f m l for each m by replacing the cyclic pre x with zeros. In our investigation of how pre-detection equalization is utilized in DMT systems, it will be useful to develop some properties of the correlation P l f m 2 l f m 1 l?iN+ . In this expression, i is an integer, (m 1 ; m 2 ) is an arbitrary subchannel pair, and 0 . 
for m 1 = 1 or m 1 = M. As illustrated conceptually in Fig. 2b , the receiver proceeds, after applying predetection equalization, by passing y l to a bank of M lters, the mth lter matched to f m l : The output of each subchannel lter is sampled once per frame; the sample produced for subchannel m, for time frame i, is denoted by m i . The parameter d in Fig. 2b is the nominal delay for the equalized channel, and it is determined during the training of Q(z). Although the demodulator in Fig. 2b is depicted as a collection of FIR lters, the demodulation function can be performed in a computationally e cient manner. For DMT systems, the set of matched lter (detector) outputs for a frame is obtained by applying a DFT to the appropriate length-M segment of y l , then separating the real and imaginary parts of the output. For DWMT transmission, the detector outputs are from the appropriate block in the forward M-band fast wavelet transform (FWT) of y l .
It is seen from 
Incorporating (6) and (1), (11) 
9
It is seen from (14) and (3) (DWMT), or (14) , (9), and (10) (DMT) that with perfect equalization, the only symbol which has nonzero contribution in 6 In general, perfect equalization is not achievable, and a less stringent design goal for Q(z) has been developed in 6] for DMT. The goal is that Q(z) shortens the channel impulse response to have nearly all its energy contained in + 1 consecutive taps in h l . Observe from (13) , (9) and (10) Given a constraint on the number L of taps in Q(z), the design methodology in 6] is to choose the q l such that the closest t (in a sense to be de ned) of C(z) to z ?d B(z)=Q(z) is obtained, where B(z) = 1 + X l=1 b l z ?l ; (15) and d and the b l , 1 l , are free parameters. 7 The equalized response H(z) = Q(z)C(z) is approximately equal to z ?d B(z), with an accuracy that depends on how well the unequalized channel can be approximated with an L?1 pole, zero model. Note that if the approximation is perfect, the equalized channel has an impulse response which has zero energy outside a particular + 1 sample interval, as desired. The criterion for closeness of t is the meansquared di erence between the outputs of z ?d B(z) and Q(z)C(z), if the input to the two lters is a stationary white sequence. The lter q l , and the b l and d are selected jointly to minimize this mean-squared di erence.
As one means to train the taps q l , and to determine the best values for d and the b l , the LMS algorithm 13] can be employed with a pseudo-noise sequence during an initialization period. With in nite training time, and ignoring the e ects of quantization, channel noise, and nonstationarity in the channel, the algorithm converges to the minimum mean-squared di erence solution. In the remainder of the paper, for given L; ; and C(z), the nominal set-tings for the q l are these convergent ones, for any system (DMT or DWMT) which employs pre-detection equalization. Even with perfect training under ideal conditions, the performance of a DMT system is dependent on how successful the convergent lter is in actually shortening the channel impulse response. Of course, if the settings for the lter taps deviate from the ideal settings, the degree of shortening can be reduced substantially. With these e ects, the performance of a DMT system is subject to the limitations which are associated with the degree of spectral overlap present in the subchannel pulses, as will be shown in the sequel.
For 
For either of the systems considered in Fig. 3 , jF m (e j! )j and j F m 1 (e j! )j are appropriately frequency-shifted versions of the basic spectral shape illustrated there. 8 Let us compare the ways in which ISI a ects the two systems. It is seen from Fig. 3a that for DMT, the rst sidelobe in the frequency response for a subchannel pulse has magnitude -13 dB. The magnitudes for subsequent sidelobes decreases at 20 dB per decade. For DMT transmission, F m 1 (e j! ) has signi cant spectral overlap with a large number of its spectrally neighboring subchannel pulses F m (e j! ). Recall that all but two subchannel pulses are orthogonal to F m 1 (e j! ) for a perfectly shortened channel. However, referring to (17) , it is seen from Fig.  2a that if H(e j! ) is not perfectly shortened, m i can have signi cant magnitude for the large number of subchannels which have signi cant spectral overlap with subchannel m 1 . Note from Fig. 3b that with the particular lter bank under consideration for DWMT transmission, the rst sidelobe in the frequency response for a subchannel pulse is at -45 dB. The frequency response for a subchannel pulse decays at 20 dB per decade. For DWMT systems, only a relatively small number of spectrally neighboring subchannel pulses have signi cant spectral overlap with F m 1 (e j! ). It is seen that, in general, DWMT systems, as a consequence of their spectrally contained subchannels, are better able to exploit postdetection combining for suppression of ICI than are DMT systems. However, this advantage is balanced against the fact that DWMT systems are, in general, more susceptible to IBI than are DMT systems. This is because, for DWMT transmission, the pulses for symbols in di erent blocks are constructed to have signi cant overlap in time.
In addition to providing an inherent robustness with regard to ICI, spectrally contained subchannels provide a high level of immunity to channel noise having strong narrowband components. 9 To elaborate, rst note that the noise component of y l has power spectral density jQ(e j! )j 2 (e j! ). Consequently, referring to (12) and (11) It is seen from Fig. 3 that, for either system, the noise contribution in subchannel m is relatively small when the distance j! nb ? ! m j of the subchannel from the narrowband disturbance is relatively large. However, for a given m, j F m (e j! nb )j is approximately 30 dB smaller for DWMT than for DMT. Consequently, a DWMT subchannel provides 30 dB greater suppression of the narrowband noise than does a DMT subchannel. It will be shown quantitatively in Section IV-B that because a DMT system does not have this inherent immunity, it can su er severe performance degradation in certain twisted-pair environments.
III. PERFORMANCE ANALYSIS
In Subsection A, we derive the settings for the post-detection equalization taps m j (m 1 ) in (16) , which yield maximum signal-to-interference plus noise ratio (SINR) 10 in the decision statistic d s m 1 i 1 . The optimum performance can be obtained only in an ideal system for which the tap settings for the post-detection combiners are perfect. In Subsection B we examine the e ect on the decision statistic when these tap settings contain noise. The maximum attainable SINR is of course dependent on the settings for the pre-detection equalization 9 It is worth noting that wavelet transforms have also been applied for narrowband interference suppression in LPI signal detection, and in CDMA overlay applications 16]. 10 We de ne the SINR in a given statistic to be the ratio of the mean-squared value of the contribution from the symbol of interest, divided by the mean-squared value of the contribution from ICI, IBI, ICBI, and channel noise. When the contribution from channel noise is ignored, this ratio is denoted by SIR.
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lter Q(z). In the derivation of the maximum attainable SINR, the dependence on the predetection equalization lter tap settings is shown explicitly, in anticipation of evaluating in Section IV the sensitivity of the performance to noise in these tap settings as well. The presentation in Subsections A and B applies for both DMT and DWMT systems.
A. Optimal Post-Detection Combining
Recall from (1) the expression for the sequence x l produced by the multichannel transmitter, and from (6), the form of the sequence r l at the receiver input. The symbols s m i are modeled as zero-mean, independent random variables, having various alphabet sizes, but with E (s m i ) 2 ] = 1 for each i and m. The latter restriction imposes a at transmission spectrum, which is required in many applications.
We continue to restrict our attention to the decision statistic for the arbitrary, but xed symbol s m 1 i 1 and, for clarity of presentation, the parenthetical appendages on m j and shown in (16) are dropped. It is clear from (16) and (12) 
To show the dependence on Q(z) explicitly, (1) and (6) can be utilized to express the sequence at the output of Q(z) as (16) Use ( B. E ect of Imperfect Tap Settings for the Post-Detection Combiners Perfect knowledge of the channel impulse response c l , and the autocorrelation function l of the noise sequence n l is required to evaluate the optimal post-detection combining weights v. In practice, the post-detection combining weights can be trained using an adaptive algorithm. For example, with unlimited training time, and with a time-invariant channel, the LMS algorithm can be employed to obtain a set of weights which minimize the mean-squared error E h (s m 1
, and yield maximum SINR. The set of LMS-convergent weights also achieve, with a generally negligible level of degradation, the unity gain that would be obtained with v. However, any training algorithm is subject to impairments such as time-variation in the channel, quantization e ects, and misadjustment resulting from nite training time, and these cause the trained set of combining weights to deviate from the desired set.
In The second e ect of deviations , captured by the third term on the RHS of (31), is that additional contributions from the channel noise and ISI are introduced in d s m 1 i 1 . The mean-squared value of all contributions from channel noise and ISI is obtained by evaluating the expectation of the square of the sum of the second and third terms on the RHS of (31), where the expectation is over all realizations for as well as for n l and s m 2 i 2 . Because the components of are independent of the channel noise and the symbol sequence, the mean-squared value of the total contribution from channel noise and ISI is 
IV. NUMERICAL RESULTS
For this section, the performances of the two multitone systems are evaluated quantitatively for various channel and noise models. Channel frequency responses and noise power spectral densities, generally denoted here by C(f), and N(f), respectively, are given as functions of the frequency variable, f (in Hz). They are related to their time-sampled counterparts in Sections II-III, by C(e j! ) = C(f s !=2 ); and (e j! ) = aN(f s !=2 ); where a is an appropriate power scale factor. In Subsection A the e ects of noise in equalizer tap settings are considered for an asymmetric digital subscriber line (ADSL) application. In Subsection B, we evaluate the e ects of narrowband interference for a ber-to-the-curb (FTTC) application, and also show what data rates are possible using multicarrier transmission, as a function of line length.
A. Asymmetric Digital Subscriber Line (ADSL) Example
The analysis of Section III is employed here to evaluate the maximum attainable SINR in each subchannel, for both a DMT and a DWMT ADSL system. Furthermore, the sensitivity of the SINR to imperfect tap settings for the pre-detection equalization lter and the post-detection combiners is evaluated. The magnitude j C(f)j of the channel frequency response that is considered is displayed in Fig. 4 ; the response applies for a particular 6 Kft line, and was obtained from 18]. The sampling rate is f s = 2:208 Msps.
Assuming that each of the subchannels is transmitted with identical power, the power spectrum for the received signal is a power-scaled replica of Fig. 4 . We consider a channel noise process that has a power spectral density which is a power-scaled version of the spectrum illustrated in Fig. 5 . This spectral shape represents a disturbance consisting of white thermal noise in the ADSL receiver, plus colored noise attributable to 49 HDSL lines sharing the same binder as the ADSL twisted pair 18]. Let refer to the ratio of the power in the ADSL received signal, divided by the power in the channel noise at the receiver. Speci cation of determines the relative scalings of the ADSL transmission and noise spectra.
The number of subchannels considered is M = 64 for both DMT and DWMT systems. The speci c lter bank considered for DWMT is a genus g = 8 bank having 64 lters, each of length 512. The frequency responses displayed in Fig. 3b shows subchannels 30-35 in the bank. Unless speci ed otherwise, the cyclic pre x for DMT systems has length = 32. For both DMT and DWMT systems, the nominal (noiseless tap settings) predetection equalization lter Q(z) is the mean-squared di erence minimizing lter described in Section II-B. We use the vector notation q of Section III for Q(z) here. Recall that for DMT transmission, the algorithm used to train q uses a zero, L ? 1 pole model for the channel. In the results presented here for DWMT transmission, the channel model in the training algorithm is an all-pole model. Recall that for either DMT or DWMT transmission, the post-detection combiner combines matched lter outputs from 2 +1 consecutive frames. Unless indicated otherwise, the set (i) of indices for the subchannels which are included in the combiner for a symbol transmitted in subchannel i is (i) = fmaxf1; i ? g; ; minfM; i + gg ;
where is speci ed. Note that, except for a few symbols transmitted in subchannels having center frequencies near 0 or f s =2, the post-detection combiner for a symbol has (2 +1)(2 +1) taps.
Figs. 6a and 6b display the maximum attainable SIR ( = 1 so that the e ect of channel noise has been excluded) for each subchannel, for DMT and DWMT systems, respectively. Except for the curves labeled \no q", which are for systems that do not employ a pre-detection equalization lter, q has length L = 25 (DMT) or L = 4 (DWMT) taps. The post-detection combiner parameter values are = 3 and = 3 for DMT, and = 3 and = 1 for DWMT systems. For systems which employ a pre-detection equalization lter, the gures display the e ect of having noise in the settings for q. Let q denote the LMS-convergent equalizer, with noiseless tap settings. To obtain a curve labeled with a particular value for 2 q , 50 realizations of a Gaussian distributed random vector having mean q, and having independent components, each with (normalized) variance ( q T q=L) 2 q were generated. For each such realization of a q with imperfect tap settings, the maximum attainable SINR in (30) was evaluated, and the average over the 50 realizations is displayed in Fig. 6 . Perfect tap settings for the post-detection combiner are assumed for the results of Fig. 6 .
With perfect tap settings in q, and ignoring the e ects of channel noise, it is seen from Fig. 6 that the DMT system achieves roughly 30 dB larger SIR than the DWMT system, for each subchannel. However, because DMT systems employ a cyclic pre x, they incorporate a signi cant amount of overhead. For M = 64 and = 32, the throughput is reduced by the fraction 1=3 by the inclusion of the cyclic pre x. Note that the DWMT system is far less sensitive than the DMT system to noise in the tap settings for q. Even with a relatively large value for the normalized variance of 2 q = ?20 dB, the SIR for the DWMT system is not reduced signi cantly from that obtained with perfect tap settings, remaining around 55 dB on average (averaged over subchannels). However, with a normalized tap noise variance of only 2 q = ?40 dB, the SIR for the DMT system is reduced to about 50 dB on average, and with 2 q = ?20 dB, the SIR is reduced to about 30 dB on average. Also note from Fig. 6 that, as expected, without pre-detection equalization, a DWMT system does signi cantly better (average SIR about 50 dB) than does a DMT system (average SIR less than 25 dB). Additional numerical results not presented here indicate that for DMT systems, the performance does not degrade to a great extent from that illustrated in Fig. 6a , if only two-tap post-detection combiners, combining the matched lter outputs for a quadrature pair of subchannels in a given frame, are used.
In Figs. 7-8 , we examine the e ect of imperfect settings for the post-detection combining tap weights, for both DMT and DWMT systems. Fig. 8a that with = 3 and = 1, the normalized excess mean-squared disturbance is, on average, equal to about 0 dB for both DMT and DWMT systems. The disturbance exhibits more variation with subchannel index for the DMT system. Fig. 8b displays additional data on the normalized excess mean-squared disturbance for the DMT system, which show that the excess disturbance is not a ected to a signi cant degree by the number of taps in the post-detection combiner.
Recall that for Figs. 6-8, = 1, and the e ects of channel noise have been ignored. Fig. 9 is for the same systems considered in Fig. 6 , but with = 40 dB. With = 40 dB, the channel noise is su ciently strong that the e ects of ISI are negligible for the DMT system, provided the pre-detection equalization lter and post-detection combiner tap settings are perfect. However, with noise in the taps of q, the ISI is strong enough relative to the channel noise that the performance is degraded beyond a level which can be attributed to channel noise only. With = 40 dB, the performance of the DWMT system is comparable with that for the DMT system, even when the tap settings for q are perfect for the DMT system, but contain 2 q = ?20 dB noise for the DWMT system. The performance of a DWMT system which does not use pre-detection equalization is only about 5 dB worse, on average, than a DMT system with perfect tap settings in q. Additional results not presented here indicate that for = 40 dB, the mean-squared bias and the excess mean-squared disturbance introduced by noise in the post-detection combiner tap settings is approximately the same as that illustrated in Figs. 7-8 for = 1. B. Fiber-to-the-Curb (FTTC) Example
As a second example, we consider a FTTC application for broadband residential access. Depicted in Fig. 10 For the results of this subsection, transmission from the ONU to the residence (downstream transmission) is in the band 1 MHz f 12 MHz, and a sample rate f s = 24 Msps is employed. Thus, only 11/12 of the available subchannels are used for downstream transmission. 12 The transmission mask is S(f) = ?50 dBm/Hz in the transmission band, so the total power is 20 dBm. The subchannels are generated using a 384-point transform (Fourier for DMT, wavelet with g = 6 for DWMT). Thus, for f s = 24 Msps, the spacing between the centers of a pair of adjacent DWMT subchannels is 31.24 KHz. For DMT, 382 of the 384 subchannels are in in-phase (I) and quadrature (Q) pairs, having only 191 distinct center frequencies. The spacing between distinct center frequencies is 62.5 KHz. Because the band 0,1] MHz is not used for downstream transmission, the ONU inhibits transmission on subchannels 1; . . .; 32; for either system. The frame length for the two systems is the same, and is equal to 16 microseconds. 13 As discussed in Section I, one of the bene ts inherently associated with multicarrier modulation is the ability to e ciently identify, then reduce the e ects of, strong narrowband interference. In FTTC, narrowband interference arises, for example, from the presence of radio frequency interferers (RFI) in the transmission band. For multicarrier systems, the data rate in a subchannel can be adjusted, based on the strength of the RFI in the subchannel. As discussed in Section IV-A, by virtue of the superior spectral containment (high stopband attenuation) associated with DWMT subchannels, the strength of RFI in a particular subchannel is much lower for DWMT than for DMT transmission. We saw, in section IV-A, the susceptibility of DMT to imperfect tap settings in pre-detection equalizers. In what follows, we use the analysis of Section III to compare quantitatively, the performance of DMT and DWMT for a particular RFI environment, for an FTTC application with d ONU = 2000 ft.
Speci cally, we consider an RFI process with power present in the intervals 1.81,2.0], 3.5,3.8], 7.0,7.1], and 10.1,10.15] MHz, and having a power spectral density -85 dBm/Hz in each. The RFI is added to FEXT (model B) in the receiver, and the aggregate noise power spectral density is illustrated in Fig. 11 . Also shown there is the spectrum S(f)j C(f)j 2 for the desired signal. The associated decision statistic SINRs (obtained using the analysis of Section III-A) are shown in Fig. 12 , for both DMT and DWMT systems. The DMT system uses a length = 32 cyclic pre x, a pre-detection equalization lter Q(z) with L = 25 taps, and two-tap post-detection combiners. The taps of Q(z) are assumed to be LMS-convergent ones, with noiseless settings, trained without RFI present. The DWMT system does not use pre-detection equalization, and employs 21-tap ( = 3, = 1) post-detection combiners. Allowing for fractional bit constellations, the aggregate data rate supported (with bit-errorrate 10 ?10 ) for these sets of subchannel SINRs, is 56 Mbps for the DWMT system, and 24 Mbps for the DMT system.
For the remainder of Subsection B, we evaluate the performance of DWMT transmission (in the absence of RFI), based on the assumption that post-detection equalization is ideal, and eliminates ISI (without noise enhancement) in the subchannel decision statistics. With such post-detection combining, the SINR in a subchannel is equal to the ratio of the received signal spectrum, divided by the noise power spectral density, each evaluated at the center frequency for the subchannel. Fig. 13 shows the data rate supported (at bit-error-rate Recall that a data rate only 6 Mbps smaller is obtained on this loop, with the post-detection combiner settings of Section III-A, even if RFI is added to the FEXT model B disturbance. Without the additional RFI disturbance, the data rate with these combiner settings is negligibly di erent from 62 Mbps. Under the assumption that Q(z) achieves perfect channel shortening, a DMT system would su er a very mild performance degradation due to the overhead of the cyclic pre x (e.g., = 32 would reduce the rates depicted in Fig.  13 by 7.7%) . Additional DMT degradation would result, as shown in Section IV-A, with noise in the taps of Q(z). Also, as shown earlier in this subsection, narrowband interference can signi cantly impair the performance of DMT. A DWMT system is not susceptible to imperfections in pre-detection equalizers and is much more robust in the presence of narrow-band interferers. Overall, the DWMT system is able to maintain high levels of performance in the presence of practical receiver structure limitations and real-world impairments.
C. Note on Computational Complexity
The total number of operations required per sample to implement the modulation and demodulation functions for a DWMT system is 4(1 + g + log 2 M) where g is the degree of overlap in DWMT transmission. The total number of operations required per sample to implement the modulation and demodulation functions for a DMT system is 5 log 2 M. In both of the above formulas, M is the transform size. Although in our examples, we assumed M to be the same for DMT and DWMT systems, this is not the only choice. When choosing M to be the same, the two systems will have the same frame rate, but not the same subchannel bandwidth (the spacing between subchannels having distinct center frequencies is twice as large for DMT as for DWMT). It is possible to select the transform size so that the subchannel spacings are the same. In this case, the frame rate for the DWMT system is twice that of the DMT system and the transform size M required to implement DWMT modulation/demodulation is half that for the DMT system. Note that the increase in frame rate of the DWMT system over the DMT system reduces the latency of the DWMT system, an important issue in many applications.
V. CONCLUSIONS
Multicarrier modulation is attractive for copper wire access technology in high-performance communications networks, and in this paper, we have introduced a high-performance multicarrier implementation called DWMT transmission. Analytical methods have been developed for evaluating the performance of DWMT and DMT systems, and the performance of each has been assessed in several network architecture applications. In summary, DWMT systems are shown to be inherently more robust than other multicarrier implementations with regard to interchannel interference, and to narrowband channel disturbances. The superior robustness follows as as consequence of the high degree of spectral containment that is present in the subchannels of a DWMT system. FIGURE CAPTIONS 
